Abstract. This paper constructs the Vogan diagrams for hyperbolic KacMoody algebras. We also construct the Iwasawa decomposition of real forms of Kac-Moody group in relation with Vogan diagrams, which have potential physical applications in cosmological billiards.
Introduction
For a complex semi-simple Lie algebra g, it is well known that the conjugacy classes of real forms of g are in one to one correspondence with the conjugacy classes of involutions of g, if we associate to a real form g R one of its Cartan involutions θ. Using a suited pair (h, ) of a Cartan subalgebra h and a basis of the associated root system, an involution is described by a "Vogan diagram"; the equivalences of Vogan diagrams describe how such a diagram changes when one changes(h, ).
When g is now an affine Kac-Moody algebra, the one to one correpondence g R ↔ θ was established by Ben Messaoud and Rousseau (Theorem 3.1 and reference [24] ).
The last two decades shows a gradual advancement in classification of real form of semisimple Lie algebras via Kac-Moody algebras to Lie superalgebras by Satake diagrams and Vogan diagrams. Splits Cartan subalgebra based on Satake diagram where as Vogan diagram based on maximally compact Cartan subalgebra. Kac-Moody algebras have played an increasingly crucial role in various areas of mathematics as well as theoretical physics. The hyperbolic Kac-Moody algebras which constitute a subclass of Lorentzian Kac-Moody algebras and some of their (almost split) real forms have appeared in a variety of problems in the realms of string field theory and supergravity theories. The almost split real forms have been classified by Tits-Satake diagrams [3] .
Knapp [15] brought Vogan diagram into the light to represent the real forms of the complex simple Lie algebras. Batra [1, 2] developed a corresponding theory of Vogan diagrams for real forms of nontwisted affine Kac-Moody Lie algebras, where the author used the involution of the Kobashi's article automorphism of finite order of the affine Lie algebra A (1) l . The sequel of the Batra's article gives a broad sense 1 of classification of invariants of real forms of affine Kac-Moody algebras. Tanushree [20] developed the theory of Vogan diagrams for almost compact real forms of twisted affine Kac-Moody Lie algebras. In that article the author exploit the involution in classification of finite order involution of affine Kac-Moody algebras by Leivstein. Hyperbolic Kac-Moody algebras among all types of Kac-Moody algebras is least understood. However these types of algebras have led to many potential physical applications.
In space like singularity , at each spatial point, the degree of freedom that carry the essential dynamics are the logarithms β i ≡ − ln a i of the scale factors a i along a set of (special) independent spatial directions (ds 2 = −dt 2 + i a 2 i (t, x)(w i ) 2 ). The billiard analysis refers to the dynamics, in the vicinity of a spacelike singularity, of a gravitational model described by the Lagrangian [26] 
, where R is the spatial curvature scalar The real parameter λ
α measures the strength of the coupling to the dilaton. Field strength is F (p) The dilatons are denoted by φ α , (α = 1, ..., N ); their kinetic terms are normalized with a weight 1 with respect to the Ricci scalar. The Einstein metric has Lorentz signature (−, +, ..., +); its determinant is (D) g. The light-like wall and the walls bounding the billiard have different origins: some arise from the Einstein-Hilbert action and involve only the scale factors β i , (i = 1, ..., d), introduced through the Iwasawa decomposition of the space metric. For example a criterion for gravitational dynamics to be chaotic is that the billiard has finite volume. This in turn stems from the remarkable property that the billiard can be identified with the fundamental Weyl chamber of an hyperbolic Kac-Moody algebra. In this paper we have obtained the Vogan diagrams of some of the hyperbolic Kac-Moody algebras which have been discussed in paper [25] , so that these diagrams can lead to more interesting studies related to billiard, M-theory etc. More particularly we have also obtained Vogan diagram of hyperbolic KacMoody algebra E 10 . The E 10 hyperbolic Kac-Moody algebras play a fundamental role in small tension expansion of M-theory and airthmatic chaos in superstring cosmology [7] .
A Vogan diagram is a Dynkin diagram with some additional information as follows. The 2-elements orbits under θ (Cartan Involution) are exhibited by joining the correponding simple roots by a double arrow and the 1-element orbit is painted in black (respectively, not painted), if the corresponding imaginary simple root is noncompact (respectively compact). The Vogan diagrams provide us to handle the problem of classification of compact real form of Lie algebra [14] in a quicker way.
We organise the paper as follows. In Section 2 we recall the definition of KacMoody algebras and Hyperbolic Kac Moody algebras in terms of Cartan matrix and Dynkin diagrams. We briefly outline the real form of these algebras and construct the Vogan diagrams of some Hyperbolic Kac-Moody algebras which has direct applications in hyperbolic billiard. Then we study in detail other Vogan diagrams and some of its relative dynkin diagram in Section 3 and Section 4 respectively. Section 5 is a brief conclusion.
Preliminaries
The following definitions are useful tools in our work. [13] Let e i , f i and h i denote the 3r Chevalley generators. The Kac-Moody algebra is defined as the algebra g together with the following relations with |A ij | ≥ |A ji | . This n > 4 case will only concern us when we discuss rank-2 hyperbolic algebras. The the relationship between a GCM , a Dynkin diagram and an algebra as in above relations is one to one. 
Root system and relative root system
These notations are taken from [3] 4. Root system and relative root system 4.1. Notation. P be a parabolic subgroup. L be the subgroup of P ± generated by H U α (α ∈ △ X ) the normal subgroup of P ω ′ is the standard cartan semiinvolution. σ = σ ′ ω ′ is a C-linear involution of second kind of g ω Chevalley cartan involution g τ is a involutive diagram automorphism Let σ ′ be a semi-involution of the first kind and g R be the corresponding almost compact real form. and thus σ = σ ′ ω ′ = ω ′ σ ′ is the Cartan involution of g R . Hence h R is a σ-stable maximally split Cartan subalgebra of g R and t R = h −σ R is a σ stable maximal compact toral subalgebra. The group K = G R σ is transitive on the set of σ stable maximally compact Cartan subalgebra (respectively σ-stable maximally compact toral subalgebra) of g R . The root space decomposition becomes
We get the relative or restricted root system for α ∈ △(g, h) by denoting α ′ = α|t R the restriction of α to t R . The (infinite) relative (or restricted) root system
where Ω is the simple root corresponding to maximally compact Cartan subalgebras.
The relative Kac-Moody matrix and Dynkin diagram.
A relative kac- 
The Iwasawa decomposition
The Iwasawa decomposition is a second global decomposition of a Kac-Moody group with the factor in decomposition are closed subgroups. Let l R be the centralizer of t R in g R and n
. Then we have
One can deduce the Iwasawa decomposition for the almost compact Kac-Moody algebra
Consider the positive (or negative) parabolic subgroup
the complex Kac Moody group G associated with the σ ′ stable parabolic subalgebra p ± containing the maximally compact Cartan subalgebra. We get the following theorem Theorem 5.1. The following unique decomposition holds for the real Kac-Moody group with maximally compact Cartan subalgebras.
Proof. From the Iwasawa decomposition of the complex Kac-Moody group G , one can deduce the following decomposition:
is a σ stable maximally compact Cartan subalgebra of g R . The σ stabilizes G R , K and A and twist N + R . The uniquness of global Iwasawa decomposition follows from the proof of [3] where we get by the relative Weyl group for g ∈ L R = M R A.
Real form of hyperbolic Kac-Moody algebras and Vogan diagram
We now recall some terms associated with Kac-Moody algebras.
A real form of g is an algebra g R over R such that there exists an isomorphism from g to g R ⊗ C. If we replace C with R in the definition of g, we obtain a real form g R which is called split. A real form of g correponds to a semi-linear involution of g. A semi-linear involution is an automorphism τ of g such that τ 2 = Id and τ (λx = λτ (x)) for λ ∈ C.
A Borel subalgebra of g is a maximal completely solvable subalgebra. There are two types of Borel subalgebra (positive or negative).
A linear or semi-linear automorphism of g is said to be of the first kind if it transforms a Borel subalgebra in g to a Borel subalgebra of the same sign. A linear or semilinear automorphism of g is said to be of the second kind if it transforms a Borel subalgebra into a Borel subalgebra of the oppposite sign.
Let g R be a real form of g and fix an isomorphism from g to g R⊗C . Then the Galois group Γ = Gal(C/R) acts on g and the correponding group G. A real form is the fixed point set g Γ . If Γ consists of first kind of automorphism then g R is almost split, otherwise if the non-trivial element of Γ is a second kind automorphism the g R is almost compact. We consider (1) The semiinvolutions σ ′ , of the second kind of g. Then this relation induces a bijection between the conjugacy classes under Aut(g) of semiinvolutions of the second kind and conjugacy classes of involutions of the first kind.
Vogan diagram
Let g R be an almost compact real form of g. Let σ be the Cartan involution and g R = k 0 ⊕ p 0 be the correspoding Cartan decomposition. Let h 0 = t 0 ⊕ a 0 be a maximally compact σ-stable Cartan subalgebra of g R , with complexification
The roots of (g, h) are imaginary on t 0 and real on a 0 . A root is real if it takes real values on a 0 . A root is real if it takes real values on h 0 (i.e., vanishes on t 0 ), imaginary if it takes purely imaginary values on h 0 (i.e., vanishes on a 0 ) and complex otherwise.
For any root α, σα is the root σα(H) = α(σ −1 H). If α is imaginary, then σα = α. Thus g α is σ− stable, and we have g α = (g α ∩ t) ⊕ (g α ∩ p). Since g α is one dimensional, g α ⊆ t or g α ⊆ p. We call an imaginary root α compact if g α ⊆ t , noncompact if g α ⊆ p. Let h 0 be a σ− stable Cartan subalgebra of g R . Then there are no real roots if and only if h 0 is maximally compact [1, Proposition 3.8].
Let △ = △(g, h) be the set of roots. There are no real roots, i.e., no roots that vanishes on t. We choose a positive system △ + for △ that takes it 0 before a 0 . Since σ is +1 on t 0 and −1 on a 0 and since there are no real roots, σ(△ + ) = △ + . Therefore σ permutes the simple roots. It must fix the simple roots that are imaginary and permutes in two cycles the simple roots that are complex.
By the Vogan diagram of the triple (g, h 0 , △ + ), we mean the Dynkin diagram of of △ + with the two-element orbits under σ (diagram automorphism) labeled by an arrow and with the one-element orbits painted or not, according to the correponding imaginary simple root, noncompact or compact. Proof. The Borel and de Siebenthal theorem says that every real form of a complex simple Lie algebra can be represented by a Vogan diagram with at most one painted vertex and this was verified by using algorithm F (i) in [4] and diagram automorphisms to explicitly reduce every painting on a Dynkin diagram D to another painting with at most one painted vertex.
In [6] , it is shown that the equivalence class of Vogan diagram of an extended Dynkin diagram D, with an extra vertex p with extra edge consist of at most two painted vertices.
The very extended Dynkin diagram consists of a very extra vertex with very extra edge with at most two painted vertices, we obtain a painting with at most three painted vertices. But using the same F (i) algorithm we get a painting with at most one painted vertex.
The following Corollary is immediate. Proof. The proof of the corollary is straightforwad using the F < i > sequences.
The Vogan diagrams HA (2) is a results of Theorem 6.2 and Corollary 6.3.
Using the Theorem 6.2 without the F (i) algorithm we get at most three painted vertices Vogan diagrams.
The above Vogan diagram with vertices pained (9, 8, 6 ) is equivalent to single pained Vogan diagram by using theorem 4.1 and we get (9, 8, 6 ) ∼ (8, 7) ∼ (0, 7) ∼ (0) by F < 8, 7, 0 > So the equivalent diagram becomes
Similarly One can get single painted Vogan diagram using Theorem 4.1 using the three painted diagrams below
1. Equivalence classes of Vogan diagrams. Batra [1] defined equivalence of Vogan diagrams by defining equivalence relations generated by the following two operations: (a) Application of an automorphism of the Dynkin diagram.
(b) Change in the positive system by reflection in a simple, noncompact root, i.e., by a vertex which is colored in the Vogan diagram.
As a consequence of reflection by a simple, noncompact root α, the rule for single and triple lines is that we leave α colored and its immediate neighbour is changed to the opposite color. The rule for double lines is that if α is the smaller root, then there is no change in the color of its immediate neighbour, but we leave α colored. If α is the larger root, then we leave α colored and its immediate neighbour is changed to the opposite color. If two Vogan diagrams are not equivalent to each other, they are called nonequivalent.
By labeling vertices with 1, · · · , n as in [4, 5] a Vogan diagram with painted Applying all these technique in our hand, now we proceed to find the Vogan diagrams of some algebras which are important in respect of physical applications in string theory, High eneregy physics etc. We start with E 10 .
Example-1 Dynkin diagram of hyperbolic Kac-Moody algebra E 10 .
The Dynkin diagram of E 10 is given as.
α 0 and α −1 roots correspond to affine and hyperbolic extension of simple Lie algebra E 8 respectively. Enumerating the vertices of E 10 differently as shown below we get the Dynkin diagram and the following proposition. 
Proof. The proposition can be proved by using Lemma 6.4, switching the sequences as follows Proof. By applying Lemma 6.4 [6] (1)
by F (3) Also we have
Vogan diagram of this algebra is given by Proof. By symmetry(diagram automorphism) and F i algorithm, we get . 
The dynkin diagram of another rank 5 hyperbolic Kac-Moody algebra is given by 
and (4) 
Example-6 The Dynkin diagram of another rank 5 hyperbolic Kac-Moody algebra is given by
Proposition 7.11. The equivalence classes of this rank 5 hyperbolic Kac-Moody algebra are given by
Proof. We will construct few relative Dynkin diagrams, we can find similarly the relative diagrams of all Vogan diagrams.
The Vogan diagrams of
From the above diagrams we get the relative Dynkin diagrams
The Vogan diagrams of G ′ G 3
Proposition 8.1. The equivalence classes of this rank 3 hyperbolic Kac-Moody algebra are given by
Its relative Dynkin diagrams are
Proposition 8.2. The equivalence classes of this rank 3 hyperbolic Kac-Moody algebra are given by
We have the relative Dynkin diagrams for restricted roots
The Vogan diagrams of AC Proof.
The Vogan diagrams of AD Proof.
(a) 1 ∼ (1, 2) ∼ 2 by F < 1, 2 > also by symmetry (b) 3 ∼ (1, 2, 3 )
The Vogan diagrams of AGG 3 Proposition 8.5. The equivalence classes of this rank 3 hyperbolic Kac-Moody algebra are given by
Proposition 8.6. The equivalence classes of this rank 3 hyperbolic Kac-Moody algebra are given by
The Vogan diagram of AC 
Proposition 8.8. The equivalence classes of this rank 4 hyperbolic Kac-Moody algebra are given by
Proof.
The Vogan diagram of HF The Vogan diagrams of HC 
Conclusion
In principle one can construct Vogan diagrams of all hyperbolic Kac-Moody algebra. However it is a huge and daunting task. For this resean we have restricted ourselves to those algebras which have some potential physical applications. We believe that these real forms of hyperbolic Kac-Moody algebras by Vogan diagrams will be helpfull in the way to solve many problems related to string theory and Oxidation of sigma model in association with Magic triangle M-theory [21] . From algebraic point of view this also motivates to construct and develop the Vogan diagrams of other hyperbolic Kac-Moody algebras.
